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We present the concept of superenergy tensors in the framework of general
relativity (GR). These tensors were introduced constructively by the author years
ago and they were obtained by a suitable averaging of the energy-momentum
tensors or pseudotensors. Because in GR the Einstein canonical energy-
momentum pseudotensor g of the gravitational field and the canonical energy-
momentum complex ¢ KX = /ig1(TF + £}, matter and gravitation, are physically
distinguished, we confine this paper to the canonical superenergy tensor 88} of
the gravitational field I"}; and to the canonical total superenergy tensor S¥ = £§/#
+ mS§* of matter and gravitation only. These superenergy tensors can be obtained
by the above-mentioned averaging of the pseudotensor ¢f* and complex KX
We give the analytic forms of these two canonical superenergy tensors and show
some of their possible applications in GR. The canonical superenergy tensor £§¥
of the gravitational field I';, can be used as a substitute for the nonexisting energy-
momentum tensor of this field.

1. INTRODUCTION

The very difficult problem of the conservation laws in general relativity
(GR) has been intensively studied by many authors (see, e.g., Trautman,
1962; Cattaneo, 1965; Mgller, 1966, 1978; Garecki, 1973; Goldberg, 1980;
Winicour, 1980; Landau and Lifschitz, 1988; Wald, 1984; Thirring, 1978).
The main results of these investigations are the following:

1.

Owing to the nontensorial character of the gravitational strengths,
the gravitational field in GR has no energy-momentum tensor. It
follows from this that the gravitational energy and momentum are not
localized. This leads us to conceptual and interpretational difficulties
(Trautman, 1962; Cattaneo, 1965).
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2. Without introducing any supplementary elements into GR, one can
only introduce the so-called double-index gravitational energy-
momentum pseudotensors and also nontensorial double-index
energy-momentum complexes (matter and gravitation).

The best of the possible gravitation double-index energy-momentum
pseudotensors and complexes is the canonical energy-momentum pseudoten-
sor gt¥ proposed by Einstein and connected with it the canonical, double-
index energy-momentum complex ¢K* = [ig|(T¥ + gt}), satisfying

JIgUTE + gty = UH, (1.1)
and (local conservation laws)
[VIghT* + g2Hl =0 (1.2)

where (UM = (—)sU* are the so-called Freud superpotentials.

Here T* denotes the components of the symmetric energy-momentum
tensor of matter and g is the determinant of the metric tensor; ,i denotes
partial differentiation. The Latin indices run over 0, 1, 2, 3 and the symbol
:= means “by definition.”

The equations (1.1) may be obtained by a suitable transformation of the
Einstein equations with the T as sources (see, e.g., Cattaneo, 1965; Mgiller,
1966, 1978; Garecki, 1973; Goldberg, 1980).

The Einstein canonical energy-momentum pseudotensor gt is a qua-
dratic function of the gravitational strengths I'}; and has the following form
(see, e.g., Weber, 1961; Landau and Lifschitz, 1988):

C4

gl =
16wG

{ngm x(rfnr .:I - r:nsrtri)
1
+ g”".s[l“fm -3 (I 8% — T8 ms

- -;-(Siri,d + 8‘,;1‘21)]} (1.3)

The Einstein canonical energy-momentum complex ¢ K* and the pseu-
dotensor gt}, like other double-index energy-momentum complexes, can be
reasonably used only in the case of a so-called closed system, i.e., in the case
of an isolated and nonradiating system (Trautman, 1962; Mgller, 1966, 1978),
to calculate global energy and momentum (Einstein—Klein theorem) and, in
general, in the case of the so-called asymprotically flat space-times (Goldberg,
1980; Winicour, 1980) and only by using asymptotically flat coordinates (at
spatial infinity or at null infinity). By using the Einstein complex K/ and
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pseudotensor gz in this way one can obtain all physically valid results
obtained recently in other ways in the energy-momentum problem in GR,
e.g., the ADM energy or Witten’s theorem on the positivity of the total energy
(Goldberg, 1980; Faddeev, 1982). On the other hand, the complex g K/ and
the pseudotensor gt/ have no physical meaning in a local analysis of the
gravitational field.

3. By introducing supplementary elements into the structure of the GR
like arbitrary vector field, tetrads, a double metric, or torsion, one
can obtain covariant energy-momentum complexes and covariant
conservation laws.

Following this approach, the best solution of the energy-momentum
(and angular momentum) problem was obtained by Komar (1959, 1962) in
terms of so-called single-index complexes (Trautman, 1962; Cattaneo, 1965).

The single-index complexes can be best adapted to the general covariance
of GR, e.g., the single-index complex obtained by Komar

4

/ i i— € / kY —. i
1ngk§k+ gJ —mak( lglV[g‘"’) —.KJ (14)
satisfying local conservation laws
K.]iv,' = V[K.Ii = () (15)

is a vector density and therefore it leads to geometrically correct integrals
on global quantities: the suitable integrals are scalars. Here £(x) denotes an
arbitrary vector field and ,J' means the gravitational part of the Komar
complex.

Moreover, the single-index complexes admit a formulation of the conser-
vation laws for the angular momentum also.

However, using Komar’s (or other) single-index complex ¢ J/, we have
a difficult problem: how do we choose the suitable vector field £(x), called
the descriptor, in order to obtain physically valid quantities like energy and
linear and angular momentum and physically valid conservation laws for
these quantities?

It is assumed (Trautman, 1962; Cattaneo, 1965; Goldberg, 1980; Wini-
cour, 1980; Wald, 1984; Komar, 1959, 1962) that, in analogy with the flat
Minkowskian space-time, only the Killing vector fields or, at least, asymptoti-
cally Killing vector fields should be used as descriptors. But such vector
fields do not exist in realistic space-time. Moreover, the Komar expression
needs a null-hypersurface-dependent modification at null infinity (Goldberg,
1980; Winicour, 1980) to obtain Bondi’s results, considered as correct.

To sum up, one can say that the energy-momentumn problem in GR has
no satisfactory local solution. There exists only a satisfactory giobal solution
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of the problem in asymptotically flat space-times and it univocally distin-
guishes the Einstein canonical energy-momentum complex gK* and the
canonical pseudotensor gt/ as the best ones.

Only the Einstein complex is derivable from the Lagrangian as the
canonical one and gives correct physical results at both spatial and null
infinity (Goldberg, 1980).

Therefore, in the following we will confine ourselves to the canonical
pseudotensor gt and to the canonical complex ¢ K/ only.

2. THE CANONICAL SUPERENERGY TENSORS IN
GENERAL RELATIVITY

The difficulties connected with localization of the gravitational energy
and especially the lack of any gravitational energy-momentum tensor in GR
inclined me years ago (e.g., Garecki, 1981a) to introduce superenergy tensors
into GR. ‘

The idea of the superenergy tensors uses some special properties of the
so-called normal coordinates NCS(P) (the point P is the origin of these
coordinates) in the framework of Riemann geometry (Veblen, 1933; Schouten,
1954; Petrov, 1966). The most important of these properties discovered by
Veblen (1933) and Schouten (1954) is the following: the coefficients of the
Maclaurin series formed in NCS(P) for tensorial fields or pseudotensorial
fields formed from gravitational strengths I, are true tensors. Moreover, the
construction of the superenergy tensors uses some generalization of the Pirani
averaging (Pirani, 1957).

Let us suppose that in the space-time V, a physical field ® is given. Its
invariant Lagrangian density is A and the symmetric, metric energy-momen-
tum tensor corresponding to it is ®7*. We will construct the metric superenergy
tensor *S}(P) of the field ® and at the point P € V, in the following manner.

Let us introduce the normal coordinate system (Veblen, 1933; Schouten,
1954; Petrov, 1966) NCS(P) for the Riemannian connection I, and consider
the four-dimensional cube C: (—)a =< y* < a with a > 0 being sufficiently
small. Here y' (i = 0, 1, 2, 3) denotes the normal coordinates. The point P
[= the origin of the NCS(P)] is the geometric center of this cube.

Then we define
J f J j (d>7-;_k — th‘_k) dyodyldyzdys
( (

PSHP) := lim =2etDa 0 (e A 2.1)
a—0 a

If the field ®T is of the class® C’, r = 3, then we have, by expanding *T}*
to the third order according to Maclaurin’s formula,

2In the following we will assume that all the considered fields are of the class C7, r = 3.



Canonical Superenergy Tensors in General Relativity 2199

STk = Ok 4 9, PTky + %aaab TP + R, (2.2)

Here R; is the remainder of the third order.
Substituting this into (2.1), we get after some calculations

PSHP) = 893 OTH + 3,9, OT, + 9,9, ®TF + 839, *TF  (2.3)
Introducing
@ =8} in NCS(P), g% =% in NCS(P) 2.4)

where M is the Minkowskian metric with signature (+, —, —, —), we can
write this covariantly as

PSPy u) = Quta® — g T
=: (i’ — g)* Ty, 2.5)

The dot above a tensor field denotes the value of this field at the point P
and the symbols ,i or 9; denote partial differentiation.

The ®T#,, is a true tensor (Veblen, 1933; Schouten, 1964; Petrov, 1966)
having the following form (Garecki, 1981a):

*Thy = VaVBTE + %Rc(mub)Tf - %
Here V denotes the covariant derivative with respect to the Riemann connec-
tion w*, = I}, dx' and parentheses mean symmetrization, (alc!b) := Hacb
+ bca).

We will call the four-index tensor given by (2.6) the metric superenergy
supertensor of the field ®. This tensor is more fundamental than the double-
index tensor ®*SX(P; u').

The averaging given by (2.1) is a generalization of the averaging pro-
posed by Pirani (1957).

The superenergy tensor ®SX(P; «') is a local construction which explicitly
depends on the form of the energy-momentum tensor ®T} and on the four-
velocity u': u'u; = 1 of an observer at rest at the origin of the NCS(P).

For a given energy-momentum tensor ®7/ the field of the supertensor
Tk, is uniquely determined. The same can be done for the tensor field
®SKP; u') (P is variable now) provided a vector field u' is given.

Further, we define the density €, of the superenergy of the field ® and
Poynting’s supervector P; of this field for an observer at rest at the origin of
the NCS(P),

Rk(alclb)Tf (26)

e, = PSkiiy, (2.7)
P; = (8" — utu) ®S/u (2.8)
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The components of the superenergy tensor ®SX(P; u') have dimensions
equal to cm™?X dimensions of the components of the energy-momentum
tensor. The same dimensions also apply to the components of the superenergy
supertensor T,

If we substitute into (2.1), after expanding according to Maclaurin’s
formula, the so-called energy-momentum pseudotensors of the gravitational
field of GR, then we will also get true tensors. These tensors may have more
symmetry properties than the pseudotensors from which they were obtained,
e.g., the canonical superenergy tensor 8SX(P; u') of the gravitational field
I'i, obtained from the canonical pseudotensor gt is (in vacuum) symmetric
(after raising or lowering a suitable index).

This canonical superenergy tensor of the gravitational field has the
following form (Garecki, 1981a):

eSHP; u') = %05 Qidb — ) Bhiay + Thiay

- %Slemnb(lena + Rlnma)

+ 28?625(0535312)) - 3BZEg(agEk;b}
- BRgik(aEgb) - BRkig(aEgb)]
=: (2 — §")Gla (2.9

In the above expression a = ¢*/(16wG) = 1/(2B); Ri;, denotes the
curvature tensor components and E¥ are the components of the modified
energy-momentum tensor of matter,

1 1
EFi= Tk — 8T} = T — = 8T
2 ! 2

Here T* denotes the components of a symmetric, metric energy-momen-
tum tensor of matter as sources in the Einstein equations.

The tensor GF,, is the canonical superenergy supertensor of the gravita-
tional field I'%.. Here B¥,,, denotes the Bel~Robinson tensor components (Bel,
1958, 1959, 1962)

1
Bkiab = RklmaRilmb + RklmbRilma - 5 8{!:lenalenb (2.10)
and

Thus = R Ry + RO Ry = = SR Ry (211)

In vacuum the superenergy tensor 8S*(P; u') has the simpler form
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SSHP; ) = = it — g By + T @.12)
B, denotes the components of the vacuum Bel-Robinson tensor
By = W Wi + WO Wiy = 2 BW Wiy (213)
T*..» is the tensor
Ty = WO Wiy + WO Wiy = & DWWy (214)

and W*,, denotes the components of the Weyl tensor.

The superenergy tensors of the gravitational field T, calculated from
other energy-momentum pseudotensors of the field are much more compli-
cated in form then the canonical one given by (2.9) (Garecki, 1973). However,
every superenergy tensor of the gravitational field T, explicitly contains the
tensor (2.9) (Garecki, 1973). This points out the special physical meaning
of the canonical superenergy tensor 8S5(P; u') of the field.

It is easily seen that the gravitational superenergy density Be, : = 85*u‘u,
is localized.

We may call the tensor

MKP; u) := %‘—t (2uu® — g™)B*,, 2.15)

the Maxwellian part of the canonical superenergy tensor 8SX(P; u') of the
gravitational field I'}; because the method of construction of the Bel-Robinson
tensor B, from the Bianchi identities and their contractions (see, e.g., Oktem,
1968; Garecki, 1973) is identical to the method of obtaining the symmetry
energy-momentum tensor of the electromagnetic field by using the Maxwell
equations only.

We remark here that for the vacuum metric of types II and III in the
Petrov algebraic classification (Petrov, 1966)

4
gsk,. < k

0 = 3lgnG 2 o

According to Pirani’s criterion (Pirani, 1957), gravitational radiation is pres-
ent in the empty space-times of types II and III.

Thus, the formula (2.16) shows that the local superenergy flux of a
gravitational wave is proportional to the components Bfyy, of the Bel-
Robinson tensor.

In analogy to the canonical energy-momentum complex gK} =
\/l?l (T¥ + gt/ of matter and gravitation, one can consider in GR the rotal,

(2.16)
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canonical superenergy tensor S}P; u') of matter and gravitation (see, e.g.,
Garecki, 1981a). This tensor should be calculated from the sum T/ + gt}
by averaging according to the formula (2.1). After some calculations we get
the obvious result

SHP;, u') = eSKP; u')y + "SHP; u) (2.17)

where the canonical superenergy tensor 8SX(P; u') of the gravitational field
is given by the formula (2.9) and the superenergy tensor of matter ™S/(P;
u') has the following form:

mSKP; ul)y = (un® — g'”b)[vmvb)j}k + %Rc(alﬂb)Trk

1 .. .
- 5 Rk(a’clb)TiC] (2~18)

The total canonical superenergy tensor, matter and gravitation, SA(P; u')
allows us to introduce the notion of the global superenergetic quantities S;
of a closed system. We define these quantities in analogy to the energetic
integrals, in the following manner:

S = J Sk /gl da, (2.19)
b3

where S/ denotes the total canonical superenergy tensor of matter and gravita-
tion given by (2.17), (2.9), and (2.18) and X is a spacelike hypersurface
which is asymptotically flat. da; is an integration element (see, e.g., Landau
and Lifschitz, 1988).

We fix the vector field u': u'u; = 1 appearing in S/(P; «') in the following
way: we put the unit timelike basic vector of every NCS(P) (P is variable
now) proportional to the timelike vector of the natural frame at the point P
of the used global coordinates. Physically this means that we use as the
vector field ' the field of the four-velocities of the observers at rest with
respect to the used global coordinates. This is a natural choice of the field
u' in fixed, global coordinates if we want to have a uniquely determined tensor
field S(x) to calculate the global superenergetic quantities of a closed system.

In asymptotically Lorentzian coordinates (ct, x, y, z) and if X is x° =
¢t = const, the integrals (2.19) take the form

S; = J $0/1gl dx dy dz (2.20)
XO=C0nS!

The integrals S(Z), for a fixed 2, form a free vector with respect to
GL(4; R); moreover, the integral
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So(V) = f €. /lgldxdydz = j (%e, + Me) /gl dx dy dz
v v

is invariant with respect to arbitrary coordinate transformations. From the
last remark it follows that the amount of the superenergy inside the volume
V has a physical meaning.

3. APPLICATIONS OF THE CANONICAL SUPERENERGY
TENSORS IN GENERAL RELATIVITY

The canonical superenergy tensor 8SX(P; u') of the gravitational field
I', is very useful for local analysis of the vacuum solutions to the Einstein
equations, which are interpreted as representing gravitational waves (see,
e.g., Garecki, 1980, 1981a,b; Krawczak, 1982; Koscielak, 1987). Analysis
of the so-called plane-fronted waves and plane waves showed that these
waves transfer a superenergy flux and have positive-definite superenergy
densities. On the other hand, the plane-fronted waves and plane waves cannot
transfer any energy flux because the canonical pseudotensor gt* vanishes
identically for such solutions to the vacuum Einstein equations (Dariczura,
1984).

In Garecki (1981a) we examined the integral superenergetic quantities
for a closed system, and calculated the appropriate quantities for the Schwarz-
schild space-time.

It is very interesting that the gravitational superenergy density of the
exterior Schwarzschild space-time is positive-definite and has the very sim-
ple form

Be, = —a~ >0 3.0
where r, := 2GM/c* and r > r,. Here M denotes the total mass of the
spherical star and r = ry is the value of the radial coordinate r corresponding
to the surface of the star.

From (3.1) we obtain that the total gravitational superenergy &S of the
exterior Schwarzschild space-time defined as

0 T 2w
8§ .= J' J j ge,/1g="| dr db do (3.2)
re=r 4G J0

is equal to

Bs=""a£>0 (3.3)
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In general, the integrals representing global superenergetic quantities of
a closed system are convergent and if space-time is static or stationary, then
they are independent of time (Garecki, 1981a).

In Garecki (1981a) the physical meaning and the Newtonian limit of
the gravitational superenergy were also considered. It was shown that in the
Newtonian limit the canonical gravitational superenergy tensor is an energy-
momentum tensor for the field of tidal forces.

In Garecki (1993) we calculated the gravitational and total superenergy
densities and the total superenergy® of a closed Friedmann radiation-domi-
nated universe (FRDU). The restriction to a closed FRDU is not essential.
It was only done because in that case there exists a direct, i.e., nonparametric
solution R = R(¢) to the Friedmann equations. R denotes the so-called scale
factor and the parameter ¢ is the cosmic time (see, e.g., Garecki, 1993).

It has been shown in this paper that the superenergy densities 8, and
Me, are positive-definite for R > 0 and have singularities if R — 0*. Also
positive-definite and finite for R > 0 is the total superenergy S, matter and
gravitation, of the FRDU, defined by the integral

S = J’ (%e, + "e.) /gl dx d9 do (3.4)
r=const

If we do analogous calculations for open Friedmann models having the
curvature index k = 0,* then we obtain the following very simple results
(from now on we put ¢ = 1)

l.  Friedmann matter-dominated universe (FMDU)} (k = 0, p = §,
where p denotes the rest pressure of matter):

11

g = — .
&= Tezngr  ° 35
55
me, = ——— > :
&= 27mcr % (3.6)
341

r= B + m [ —
S TS TS T T62nGr
2. Friedmann radiation dominated universe (FRDU) (k = 0, p =
€/3, where p is the rest pressure and € is the rest energy density

of matter):

>0 3.7

3 As the field «' we have taken the four-velocity field of the so-called isotropic or fundamental
observers at rest in the used comoving coordinates. This field is geometrically and physically
distinguished in this case.

4Such cosmological models give the best mathematical models of the universe having an
inflation phase.
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1
g, = ——— >
& = SomGr ~ ° R
63
m = >
& = 6anGr (3.9
191
= Bg 4+ Mg = ————— > .

We see that the all canonical superenergy densities are positive definite
and tend to zero if the cosmic time ¢ goes to infinity. If the cosmic time ¢t >
0* (this is equivalent to R — 0%), then these densities grow to a singularity.

The total superenergies of the considered flat Friedmann universes are
infinite for t € <0; ).

In the case k = (—)1, p = €/3 we have the same situation as in the case
k = 0, but the densities %€, Me,, €, are more complicated in form than
(3.5)-(3.10), and they will not be cited here.

4. CONCLUDING REMARKS

In this paper we have considered the canonical superenergy tensors in
the framework of GR. We emphasized that although the gravitational field
in GR has no energy-momentum tensor, one can introduce as a substitute for
the tensor the canonical superenergy 25, This tensor is obtained by special
averaging of the gravitational canonical energy-momentum pseudotensor gz.

We also introduced into GR the canonical total superenergy tensor S}
= &8§% + mSX matter and gravitation, obtained by the same averaging of the
sum T}k -+ Et,'k.

We pointed out some possible applications of the canonical superenergy
in GR, and applied the canonical superenergy tensors to the analysis of
Friedmann universes and showed that the superenergy densities and the
total superenergetic quantities are positive-definite for all the considered
Friedmann models and that they produce singularities if the cosmic time
- 0"

On the other hand, energetic quantities, such as energy and linear and
angular momentum, calculated by using the covariant Komar single-index
complex and (also covariant) Pirani expression for energy are equal to zero
(locally and globally) for all the Friedmann universes (Garecki, 1995) and
cannot produce any singularities unless the early universe was anisotropic
and nonhomogeneous.

We conclude from this that there may be no link between Komar’s
quantities and the Pirani energy calculated for Friedmann universes and the
Hawking—Penrose singularity theorem. However, there must be a link
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between the superenergetic quantities for Friedmann models and this theorem.
The physical meaning of these important facts will be investigated in the
future.
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